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Abstract 

Semitopological isomorphisms of topological groups were introduced by Arnautov [2], who posed 
several questions related to compositions of semitopological isomorphisms and the groups G (we call 
them Arnautov groups) such that for every group topology r on G every semitopological isomorphism 
with domain (G, r) is necessarily open (i.e., a topological isomorphism). We propose a different approach 
to these problems by introducing appropriate new notions, necessary for a deeper understanding of 
Arnautov groups. This allows us to find some partial answers and many examples. In particular, we 
discuss the relation with minimal groups and non-topologizable groups. 

1 Introduction 

It is easy to prove that for every continuous isomorphism / : (G, r) — >■ [H, a) of topological groups, 
there exist a topological group (G, r) containing G as a topological subgroup and an open continuous 
homomorphism / : (G, t) — >■ {H, a) extending / pi Theorem 1] (see also [141 Theorem 1.1] for continuous 
surjective homomorphisms). 

The following notion is motivated by the fact that it is not always possible to prove the existence of 
such G and /, asking G to be also a normal subgroup of G (see also W. for topological rings). 

Definition 1.1. 2, Definition 2] A continuous isomorphism / : (G, r) — >■ {H, a) of topological groups is 
semitopological if there exist a topological group (G, r) containing G as a topological normal subgroup 
and an open continuous homomorphism / : (G, r) — > (-ff, a) extending /. 

In other words semitopological isomorphisms are restrictions of open continuous surjective homo- 
morphisms to normal subgroups. Obviously the class of semitopological isomorphisms contains the class 
of topological isomorphisms. 

Arnautov characterized semitopological isomorphisms O Theorem 4]. We give his characterization 
in terms of commutators and of thin subsets, as done in [14] . 

For a neighborhood U of the neutral element ea of a topological group G call a subset M of G 
U-thin if f]{x~^Ux : x G M} is still a neighborhood of ec (i.e., there exists a neighborhood Ui of ea 
in G such that xU\x~^ C U for every x £ M). The subsets M of G that are [/-thin for every U are 
precisely the thin sets in the sense of Tkachenko 1291 130| . For example compact sets are thin. 

Theorem 1.2. 2, Theorem 4] Let {G,t) and {H,a) be topological groups. Let f : {G,t) — > {H,o-) be 
a continuous isomorphism. Then f is semitopological if and only if for every U G V(^a^r){sG): 

(a) there exists V € V{H,a-){eH) such that f^^{V) is U-thin; 

(b) for every g € G there exists Vg G V(H,o-)(ei/) such that [g, f~^{Vg)\ C U . 

In [14] we extended the notion of semitopological isomorphism introducing semitopological homo- 
morphisms. We defined new properties and considered particular cases in order to give internal con- 
ditions, similar to those of Theorem 11.21 which are sufficient or necessary for a continuous surjective 
homomorphism to be semitopological. Finally we established various stability properties of the class 
of all semitopological homomorphisms. Many particular cases are considered and they turn out to be 
useful also in this paper as well as other particular results; for those we will give references. 

In Section [5] we give general properties of semitopological isomorphisms and see some stability 
properties of the class Si of all semitopological isomorphisms. In fact it has been proved in [2] that the 
class Si is stable under taking subgroups, quotients and products, but not under taking compositions. 

The aim of this paper is to discuss and answer the following problems raised by Arnautov [2]: 
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Problem A. [3J Problem 14] Find groups G such that for every group topology t on G every semitopo- 
logtcal isomorphism f : {G,t) — )■ {H,a), where {H,a) is a topological group, is open. 

Problem B. 2 , Problem 13] Let A^^ be a class of topological groups. Find {G,t) G /C such that every 
semitopological isomorphism / ; (G, r) — > {H, a) in IC is open. 

The third problem concerns compositions; 

Problem C. ^ Problem 15] 

(a) Which are the continuous isomorphisms of topological groups that are compositions of semitopo- 
logical isomorphisms? 

(h) Is every continuous isomorphism of topological groups composition of semitopological isomor- 
phisms? 

1.1 The Open Mapping Theorem and its weaker versions 

According to the Banach's open mapping theorem every surjective continuous linear map between 
Banach spaces is open [3]. As a generalization, Ptak introduced the notion of B- completeness for 
the class of linear topological spaces. It was based on the property weaker than openness, that can 
be formulated also in the larger class of topological groups as follows: a homomorphism f : G H 
of topological groups is called almost open, if for every neighborhood U of ec in G the image f{U) 
is dense in some neighborhood of ch in H. A topological group G is B-complete (respectively, Br- 
complete) if every continuous almost open surjective homorphism (respectively, isomorphism) from G 
to any Hausdorff group is open. These groups were intensively studied in the sixties and the seventies 
(II]) |15] . [16] . [27)]). It was shown by Husain [16] that locally compact groups as well as complete 
metrizable groups are B-complete. Brown found a common generalization of this fact by proving 
that Cech-complete groups are B-complete. 

The following notion introduced by Choquet (see Doitchinov 11 ) and Stephenson in 1970 takes 
us closer to the spirit of Banach open mapping theorem: 

Definition 1.3. A Hausdorff group topology r on a group G is minimal if for every continuous iso- 
morphism / : (G, r) — > H, where H \s & Hausdorff topological group, / is a topological isomorphism. 
Call G totally minimal if for every continuous homomorphism / : (G, r) — > H , where H is Hausdorff, / 
is open. 

Clearly, the totally minimal groups are precisely the topological groups that satisfy the Banach's 
open mapping theorem. Since all surjective homomorphisms between precompact groups are almost 
open, a precompact group is Br-complete (respectively, B-complete) if and only if it is minimal (re- 
spectively, totally minimal). In particular, the Br-complete precompact abelian groups coincide with 
the minimal abelian groups as every minimal abelian group is precompact according to the celebrated 
Prodanov-Stoyanov's theorem. According to this theorem, an infinite minimal abelian group is never 
discrete. This radically changes in the non-abelian case. In the forties Markov asked whether every 
infinite group G is topologizable (i.e., admits a non-discrete Hausdorff group topology). 
Definition 1.4. A group G is: 

• Markov if the discrete topology 5g is the unique Hausdorff group topology on G (i.e., 5g is 
minimal) ; 

• totally Markov if G/N is a Markov for every N <lG. 

Obviously totally Markov implies Markov and finite groups are totally Markov, while every simple 
Markov group is totally Markov. Denote by SJl and dJlt the classes of all Markov and totally Markov 
groups respectively. Markov's question (on whether 97? contains infinite groups), was answered only 
thirty-five years later by Shelah [24| (who needed CH for his example, resolving simultaneously also 
Kurosh' problem) and Ol'shanskii (who made use of the properties of remarkable Adian's groups) ,21,. 

A smaller class of groups arose in the solution of a specific problem related to categorical compactness 
in [TD]: namely the subclass of Wt consisting of those groups G € DJlt such that every subgroup of G 
belongs to dJlt as well (these groups were named hereditarily non-topologizable by Lukacs [E]). It is 
still an open question whether an infinite hereditarily non-topologizable group exists IIUI [T5] V 

A possibility to relax the strong requirement in the open mapping theorem in the definition of 
minimal groups is to restrict the class of topological groups: 
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Definition 1.5. Let /C be a class of topological groups. A topological group {G,t) G /C is K-minimal 
if (G, a) £ K, and a < r imply t = a. 

When K, is the class of all metrizable abelian groups, /C-minimal groups are precisely the minimal 
abelian groups that are metrizable [H| , but in general a /C-minimal group need not be minimal. Anyway, 
if T-L is the class of all Hausdorff topological groups, then H-minimality is precisely the usual minimality. 

Recently new generalizations of minimality for topological groups were considered (relative mini- 
mality and co-minimality, cf. [71 125j). 

1.2 Main Results 

The next definition reminds the i3,.-completeness (since we impose openness only on certain continuous 
isomorphisms, namely, the semitopological ones): 

Definition 1.6. A group topology r on G is A-complete if for every group topology a on G, a < t 
and ida ■ (G, r) — >■ (G, o) semitopological imply r = cr. 

Finally, we can formulate the notion that captures the core of Problem A: 

Definition 1.7. A group G is an Amautov group if every group topology on G is A-complete (i.e., if 
for every pair of group topologies r, cr on G with a < r, ida : (G, r) — !> (G, a) is not semitopological). 

Hence Problem A can be formulate also as follows: charactenze the groups G such that every group 
topology on G is A-complete, that ts, characterize the Amautov groups. 

We denote by 21 the class of all Arnautov groups. 

Taimanov [28] introduced the group topology Tq on a group G, which has the family of the cen- 
tralizers of the elements of G as a prebase of the filter of the neighborhood of ec- This topology was 
introduced with the aim of the topologization of abstract groups with Hausdorff group topologies. 

Since ida : {G,5g) — >■ (G, a) is semitopological if and only if cr > Tq (see [14| Corollary 5.3] or 
Remark I5.12p and we are studying Arnautov groups, we need to impose that To is discrete and we 
introduce the following notion. 

Definition 1.8. A group G is: 

• Taimanov if Tg = Sg', 

• totally Taimanov if G/N is Taimanov for every N <lG. 
Obviously every simple Taimanov group is totally Taimanov. 

We denote by T and Tt the classes of Taimanov and totally Taimanov groups respectively. 

Since Problem A in its full generality seems to be hard to handle (because of two universal quan- 
tifiers), we start considering a particular case, that is when the discrete topology on a group G is 
A-complete and we prove that for a group G the discrete topology is A-complete if and only if G G T 
(see Theorem I5.13P . Moreover we extend this result for almost trivial topologies (which are obtained 
from the trivial ones by extension, as their name suggests — see Section [3]), characterizing in Theorem 
15.151 when an almost trivial topology is A-complete in terms of T. 

Moreover It contains 21, but we don't know if they coincide (see Theorem l5.16l and Question 15. 17p . 

Example 15.181 considers properties of S{Z) related to Problem A. First of all it shows that A- 
completeness has a behavior different from that of the usual minimality. Indeed we see that S{Z) admits 
at least two different but comparable A-complete group topologies. Moreover 5(Z) is not Taimanov 
and consequently not Arnautov. Nevertheless S'(Z)/5'u(Z) is totally Taimanov but we do not know if 
it is also Arnautov (see Question 15. 20p . 

This question can be seen as a first step in answering the following one, which could give an infinite 
example of a simple infinite Markov group without assuming CH (see Question 15. 27p : 

does S(Z)/5'„(Z) G DJl? 

But the situation can be reversed: if S'(Z)/5'tj(Z) G 3Jl then SCZ) / Sui{Z) G 21, in view of Corollary 
I5.26f bl. which says that every simple Markov group is necessarily Arnautov. Thanks to this property 
we have the unique infinite Arnautov group that we know at the moment, that is Shelah group, which 
is an infinite simple Markov group constructed under CH [24] (see Example 15. 29p . 

The next definition, combining Definition 11.61 (A-completeness'l and Definition 11.51 (A^-minimalitv) 
will allow us to handle easier Problem B. 
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Definition 1.9. For a class IC of topological groups, a topological group (G, r) from IC is Ajc-complete 
if (G, a) £ IC, a < T and ido : (G, r) — >■ (G, cr) semitopological imply t — a. 

Let be the class of all topological groups. 

Remark 1.10. (a) Obviously /C- minimality implies A)c-completeness and /C- minimality coincides 
with A)c-completeness whenever all groups in /C C (J are abelian. 

(b) Moreover A- completeness coincides with Ag-completeness. So Problem A can be seen as a par- 
ticular case of Problem B, namely with K, = Q. 

(c) If /C C /C' are classes of topological groups, then for every G £ IC A^:' -complete implies A^:- 
complete. In particular, if K. C Q and G £ IC, then G A-complete implies G A^-complete. 

Clearly A-H-completeness is a generalization of minimality, since "H-minimality is precisely the usual 
minimality, which is intensively studied, as noted in Section [1.11 This is a strict generalization as shown 
by Example 16.11 

A topological group G has small invariant neighborhoods (i.e., G is SIN) if G is thin (i.e., it has 
a local base at ec of neighborhoods invariant under conjugation). We prove that a topological group, 
which is SIN and A^-complete, is A-complete if and only it has trivial center (see Remark 16. 8p . In 
particular, if G is a group with trivial center, its discrete topology is A^-complete if and only if G G T 
(see Corollarv l6.6p . So also in this case Taimanov groups play a central role. 

Moreover we give an example of a small class IC in which each element is A^-complete (see Example 
16. lip . This class is built on the Heisenberg group 

/I R R 
Hh := 1 R 
\0 1 

that is the group of upper unitriangular 3x3 matrices over R, endowed with different group topologies. 
The group He is nilpotent of class 2. 

In a forthcoming paper :6 we extend this example for generalized Heiseberg groups, that is, the 
group of upper unitriangular 3x3 matrices over a unitary ring A. 

In Example l7.5l we resolve negatively item (b) of Problem C. Moreover Theorem !?. 21 answers partially 
(a), in the case when the topologies on the domain and on the codomain are the discrete and the 
indiscrete one respectively. Since we consider the trivial topologies, the condition that we find is 
exclusively algebraic. Indeed we prove that idc : (G, So) — >■ (G, lq) is composition of n semitopological 
isomorphisms if and only if G is nilpotent of class < n, where n £ N+. 

Notation and terminology 

We denote by R, Q, Z, P, N and N+ respectively the field of real numbers, the field of rational numbers, 
the ring of integers, the set of primes, the set of natural numbers and the set of positive integers. 

Let G be a group and x,y € G. We denote by [x,y] the commutator of x and y in G, that is 
[x,y] = xyx~^y~^ and for x £ G and a subset y of G let [x,Y] — {[x,y] : y € Y}. More in general, if 
H and K are subgroups of G, let 

[H,K] = {[h,k] : he H,k e K), 

and in particular the derived G' of G is G' = [G,G], that is, the subgroup of G generated by all 
commutators of elements of G. The center of G is Z{G) — {x £ G : xg = gx,\/g G G} and for <? G G 
the centralizer of g in G is ccig) = {x £ G : xg = gx}. 

The diagonal map A ; G G x G is defined by A{g) = {g,g) for every g £ G. U H is another 
group, we denote by pi : G x — > G and P2 ■ G x H ^ H the canonical projections on the first and 
the second component respectively. If / : G — >■ is a homomorphism, denote by the graph of /, 
that is the subgroup V j — {{g, f{g)) : g £ G} oi G x H. 

If r is a group topology on G then denote by V(c,r){eG) the filter of all neighborhoods of ec in 
(G, r) and by Bt a base of V(^c.t) (cg)- If X is a subset of G, stands for the closure of X in (G, r). 

If A'^ is a normal subgroup of G and n : G ^ G/N is the canonical projection, then is the quotient 
topology of r in G/N. Moreover Nt denotes the subgroup {ec} ■ The discrete topology on G is Sq 
and the indiscrete topology on G is lq- 

For undefined terms see [121 113j . 
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2 Properties of semitopological isomorphisms 



In the next remark we discuss the possibihty to consider only the case of one group G endowed with 
two different topologies t > a taking idc '■ (G, r) — >■ (G, a) as the continuous isomorphism: 

Remark 2.1. Let {G,t), {H,a) be topological groups and / : {G,t) {H,rf) a continuous iso- 
morphism. Consider the topology a — f~^{r]) on G. This topology a is coarser than r and so 
ida ■ {G,t) —7- (G, (j) is a continuous isomorphism and (G, a) is topologically isomorphic to {H,ri). 
In particular 

idc : (G, t) — ^ (G, a) is semitopological if and only if 
/ : (G, r) — >■ (//, ?;) is semitopological. 

Moreover the next proposition shows that semitopological is a "local" property, like the stronger 
property open. The proof is a simple application of Theorem 11.21 

Proposition 2.2. Let G be a group and T,a group topologies on G such that a < t. Then idc : 
{G,t) — >■ {G,(j) is semitopological if there exists a r-open subgroup N of G such that idc \n'- {N,t \n 
) — >■ {N,a \n) is semitopological. 

The following theorems show the stability for subgroups, quotients and products. 

Theorem 2.3. [2 Theorems 7 and 8] Let G be a group, a < r group topologies on G and suppose that 
idc : (G, r) — >■ (G, a) is semitopological. 

(a) If A IS a subgroup of G, then idA '■ {A,t \a) {A, a \a) is semitopological. 

(b) If A IS a normal subgroup of G, then ida/ a ■ {G/A,Tq) — >■ [G/A,aq) is semitopological. 

Theorem 2.4. [2] Theorem 9], [14[ Theorem 6.15] Let {Gi : i £ 1} be a family of groups and {r; : i £ /}, 
{(Ji : i £ 1} families of group topologies such that ai < Ti are group topologies on Gi for every i £ I . Then 
idci : (GijTi) {Gi,ai) is semitopological for every i £ I if and only if Yliei ''■'^Gt '■ Yliei{Gi;Ti) — > 
Ylieii^ij^i) is semitopological. 

The next lemma shows a cancellability property of compositions of semitopological isomorphisms. 

Lemma 2.5. [141 Theorem 6.11] Let a < t be group topologies on a group G. If idc : {G,t) — > (G, a) 
is semitopological, then for a group topology p on G such that o < p < t , ida : (G, r) — >■ (G, p) is 
semitopological. 

In a particular case, that is for initial topologies, the converse implication of Theorem I2.3r b]l holds 
true: 

Lemma 2.6. Let G be a group and N a normal subgroup of G. Let a < t be group topologies on G/N 
and ai < Ti the respective initial topologies on G. Then idc '■ {G,Ti) — >■ {G,ai) is semitopological if and 
only ifida/ff : {G/N,t) — !> {G/N, a) is semitopological. 

In the next theorem we consider the particular cases when one of the two topologies on G is trivial: 

Theorem 2.7. 2, Corollary 5], [141 Corollary 5.11] Let G be a group and r a group topology on G. 
Then: 

(a) idc '■ (G, <5g) {G,t) is semitopological if and only if cc{g) is t -open for every g £ G; 

(b) idc ■ (G, r) — S- (G, lg) is semitopological if and only if G' < Nt . 

Since Z{G) C caig) for every g £ G, hy (a) idc : {G,5g) ^ {G,t) semitopological implies Z{G) 
r-open. 

The condition G' < Nt in (b) is equivalent to say that G' is indiscrete endowed with the topology 
inherited from (G, r). Moreover, as noted in [14], it implies that (G, r) is SIN. 

For SIN groups condition (a) of Theorem 11.21 is always verified, since SIN groups are thin, so only 
condition (b) remains: 

Proposition 2.8. Let G be a group and a < t group topologies on G. Suppose that (G, r) is SIN. Then 
idc : (G, r) — ^ (G, cr) is semitopological if and only if for every U £ Vi^G,T){eG) and for every g £ G 
there exists Vg £ V(G,o-)(eG) such that [g,Vg] C U. 

The next lemma gives a simple necessary condition of algebraic nature for a continuous isomorphism 
to be semitopological. 

Lemma 2.9. Let G be a group and a < t group topologies on G, such that ida : (G, r) (G, cr) is 
semitopological. Then [G,Na] < Nr. 
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Proof. By Theorem 11.21 for every U £ ^{g,t){(^g) and every g £ G, there exists Vg € V(^g,t){&g) such 
that [g, Vg] C U. Consequently [g, Ncr] C U for every g £ G, so [g, N^] C A^'^ for every g € G and hence 
[G.A^,,] < Af,. ' □ 

Corollary 2.10. Let G be a group and r a group topology on G. If t is Hausdorff, then idc : (G, r) — >■ 

{G,lg) *s semitopological if and only if G is abelian. 

Proof. If idc : {G,t) — >■ (G,lg) is semitopological, by Lemma 12.91 G' < Nt — {eo} and hence G is 
abelian. If G is abelian every continuous isomorphism is semitopological. □ 

In particular ida : (G, 5g) — >■ (G, tc) is semitopological if and only if the group G is abelian. 

Proposition 2.11. Let G be a group and a < t group topologies on G, such that idG : (G, r) — >■ {H,a) 
is semitopological. If Z{G) = {ea} and r is Hausdorff, then a is Hausdorff as well. 

Proof. Since A^,- — {cq} and [G, A'^o-] < A't by Lemma 12.91 using the hypothesis Z(G) — {cg} we 
conclude that = {&g}- D 



3 Almost trivial topologies 

In this section we introduce a class of group topologies containing the trivial ones and with nice stability 
properties; moreover we extend Theorem 12. 71 to this class. 

Definition 3.1. [141 Definition 5.13] A topological group (G, r) is almost trivial if A'^r is open in (G, r). 

Since in this case r is completely determined by the normal subgroup A'^ :— Nr of G, we denote an 
almost trivial topology on G by ^jv, underling the role of the normal subgroup. 

Every group topology on a finite group is almost trivial and every almost trivial group is SIN. 

For example, for a group G, the discrete and the indiscrete topologies (i.e., the so-called trivial 
topologies) are almost trivial, with Sg = C{eG} and lg ~ Cg- This justifies the term used in Definition 
[3Tl 

Lemma 3.2. Let G be a simple non-abelian group and let t be a group topology on G. Then either 
Nr — G or Nr = {cg}, that is, either r = lg or r is Hausdorff, respectively. If r is almost trivial, then 
T is either discrete or indiscrete. 

The almost trivial topologies help also to express in simple terms topological properties: 

Remark 3.3. Given a topological group (G, r) and a normal subgroup A'' of G, it is possible to consider 
the group topology obtained "adding" to the open neighborhoods also A'^ (since it is normal, it suffices 
to add A' to the prebase of the neighborhoods and all the intersections U C] N, with U G V(^g,t){&g), 
give the neighborhoods of cg in the new topology). This new topology is sup{r, Cjv}- 

For example, if G is a group and r its profinite topology, with Br = {Na}a, where the A^^ are all 
the normal subgroups of G of finite index, then r = sup^ (m^ ■ More in general, if r is a linear topology 
on G, that is Br ~ {Na}a, where Na are normal subgroups of G, then r — sup^ CiVc- 

If (G, r) is a topological group, let r denote the quotient topology of (G, r) with respect to the 
normal subgroup A'^,-, which is indiscrete. Then f is Hausdorff. Moreover (G, r) is almost trivial if and 
only if {G/Nr,f) is discrete. 

Analogously it is possible to consider the case when a topological group (G, t) has a discrete nor- 
mal subgroup D such that {G/D,Tq) is indiscrete. For groups with this property we have a strong 
consequence: 

Lemma 3.4. Let (G, r) be a topological group such that D is a discrete normal subgroup of (G, r) and 
{G/D,Tq) is indiscrete. Then {G,t) = D x Nr, where D is discrete and Nr is indiscrete. In particular 
r is almost trivial. 

Proof. Pick a symmetric neighborhood W of cg in G such that H D — {cg}. Since {G/D,Tq) is 
indiscrete, D is dense in G, so G = DW . Let wi,W2 £ W. Then there exists d £ D such that wiW2 £ 
dW. Let wiW2 ~ dw for some w £ W. Then d = wiW2W~^ £ O D — {eg}- So wiW2 = w £ W. 
Since W is symmetric, this proves that W is an open subgroup of M with W Ci D — {ec}. Hence the 
restriction of the canonical projection G — >■ G/D to W gives a topological isomorphism W = (G/D, Tq). 
This shows that W is an indiscrete group. Since A''t < W is closed, we deduce that W — Nr. This 
proves that A'^r is open in r and that (G, t) ^ D x Nr . □ 



6 



3.1 Permanence properties of the almost trivial topologies 

The assignment N (n defines an order reversing bijection between the complete lattice M{G) of all 
normal subgroups of a group G and the complete lattice AT{G) of all almost trivial group topologies on 
G. Let us note that the complete lattice AT{G) is not a sublattice of the complete lattice T{G) of all 
group topologies on G. Indeed, the meet of a family {C,Ni : i € /} in AT{G) is simply Cfiiei JVi ' whereas 
the meet of a family {^jv^ : i € /} in T{G) is the group topology having as prebase of the neighborhoods 
at ec the family {^jv- : i € 1} (in other words, the latter topology may be strictly weaker than the 
former one in case I is infinite). 

The next lemma shows, among others, that the class of almost trivial groups is closed under taking 
subgroups and quotients. 

Lemma 3.5. Let (G, (^jv) be an almost trivial group, where N is a normal subgroup of G. 

(a) For every subgroup H of G: 

(ai) the topology induced on H by C,n is almost trivial and coincides with (^hhn ; 

(a2) the following conditions are equivalent: (i) H is C^N-open; (ii) H is C,N-closed; (Hi) H > A'^. 

(b) For every normal subgroup No of G the quotient topology of ("jv on G/Nq is almost trivial and 
coincides with CnqN/Nq- 

Remark 3.6. In connection to item (ai) of the previous lemma notice that if H is an open subgroup 
of a topological group G and H is almost trivial, then also G is almost trivial. 

Now we show that the class of almost trivial groups is stable also with respect to taking finite 
products. 

Lemma 3.7. Let Gi, G2 be groups and N\, N2 normal subgroups of G\, G2 respectively. Then 
CiVi X (^N2 = CjVixiV2 on Gi X G2. 

The next lemma follows directly from the definitions. 

Lemma 3.8. Let G be a topological group and N an indiscrete normal subgroup of G such that G/N 
is almost trivial. Then G is almost trivial. 

We want to generalize this lemma and we need the following concept. 

Definition 3.9. For a class of topological groups V one says that V has the three space property, if a 
topological group G belongs to V whenever N £V and G/N G V for some normal subgroup N of G. 

For example the class of all discrete groups and the class of all indiscrete groups have the three 
space property. So the next result shows that the class of all almost trivial groups is the smaller class 
with the three space property containing all discrete and all indiscrete groups. 

Proposition 3.10. The class of almost trivial groups has the three space property. 

Proof. We have to prove that, in case G is a group and N a normal subgroup of G, if r is a group 
topology on G such that {N,t \n) and {G/N,Tq) are almost trivial, then {G,t) is almost trivial. 

Let M be the normal subgroup of G containing N such that M/N = N^^ . Then M/N is indiscrete 
and open in G/N. Consequently, M is open in (G, r). To end the proof we need to verify that M is 
almost trivial (see Remark 13. 6|l . 

If T \n is Hausdorff, equivalently it is discrete, since it is almost trivial, and by Lemma 13.41 Af is 
almost trivial. So we consider now the general case. The subgroup A^'i := A^r n A'' is the closure of {ec} 
in M. Then A''i is a normal subgroup of A'^. Now the normal subgroup N/Ni of the Hausdorff quotient 
group M/Ni is almost trivial and consequently discrete. Moreover, the quotient {M / Ni) / {N /N\) = 
M/N is indiscrete. So by the previous case the group M/Ni is almost trivial. Since the group A'^i is 
indiscrete, we can conclude with Lemma [3.81 □ 

3.2 Semitopological isomorphisms between almost trivial topologies 

Since every almost trivial group is SIN, it is possible to apply Proposition 12.81 instead of Theorem 11.21 
to verify if a continuous isomorphism is semitopological. In case the topology on the domain or that 
on the codomain is almost trivial, the conditions of Theorem 11.21 become simpler: 

Proposition 3.11. Let (G, cr) be a topological group and let a < r be group topologies on G. 

(a) If T is almost trivial, then ido '■ {G,t) — > (G, cr) is semitopological if and only if for every g £ G 
there exists Vg G 'V{a,ty){^G) such that [g,Vg\ C N^- 
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(b) If a is almost trivial, then idc : {G,t) — >■ (G, cr) is semitopological if and only if is U -thin for 
every U G V(G,T){eG) and [G,Na\ < Nr. 

Proof, (a) follows from Proposition 12.81 

(b) The necessity of the condition that Na is [/-thin for every U £ V(G,T)(eG) follows from Theorem 
11.21 while the necessity of [G, Na] < Nt follows from Lemma 12.91 The sufficiency of the two conditions 
is a consequence of Theorem 11.21 □ 

If T is Hausdorff in this proposition, then (b) becomes A'' < Z{G). So we have the following corollary, 
which can be also seen as a consequence of Proposition 12.111 

Corollary 3.12. Let G be a group. If t is a Hausdorff group topology on G, then for every non-central 
T-open subgroup N of G ida : {G,t) — >■ {G,C,n) is not semitopological. 

Combining together the two items of Proposition 13.111 we have precisely the following corollary, 
which is the "almost trivial version" of Theorem ll.2l Furthermore it shows that the necessary condition 
of Lemma [2.91 becomes also sufficient in the case of almost trivial topologies. 

Corollary 3.13. 1141 Lemma 5.15] Let G be a group and C,n > C,l almost trivial group topologies on 
G. Then idc ■ (G, C,n) ^ (G, (l) is semitopological if and only if [G, L] < N . 

The next example is a consequence of this corollary. 

Example 3.14. Let G be a group and an almost trivial group topology on G. Consider 

{G,SG)^{G,CN)^{G,iG). 

Then: 

(a) idc : (G, Sq) (G, (n) is semitopological if and only if < Z{G); 

(b) idc : (G, C,n) ^ (G, lq) is semitopological if and only if G' < A'^. 

On a group G it is possible to consider the almost trivial topology generated by G', that is ^g' ■ A 
group G is perfect ii G — G' , and G is perfect if and only if (g' = ^G- 

Remark 3.15. With this topology generated by the derived group, we can write again Theorem l2.7f b) 
as: 

Let G be a group and r a group topology on G. Then idc : (G, r) — > (G, lg) is semitopological 
if and only if r < (g' ■ 

Remark 3.16. Let be a normal subgroup of a group G and let (^n be the respective almost trivial 
topology on G. 

Let r be a group topology on G. Then idG : (G, (^jv^) — >■ (G,t) is continuous. Moreover, if C,l 
is another almost trivial topology on G such that idG ■ {G,C,l) ^ {G,t) is continuous, then idG ■ 
{G,(l) ^ {G,(^Nr) is continuous. 

(G,CivJ ^ (G,r) 

(G,Cl) 

Consequently idG '. (G, (^l) — >■ {G,t) semitopological implies idG '. (G, ^l) — > (G, ^jv^) semitopologi- 
cal by Lemma [2.51 that is, [G, Nt] < L hy Corollarv l3.13l 

4 Taimanov groups 

Let F G [G]<" be a finite subset of G and 

cg{F) = Pi CGix) 

the centralizer of F in G. Then C — {cg(F) : F G [G]^"} is a family of subgroups of G closed under 
finite intersections. Then the Taimanov topology Tg has C as local base at cg, that is Btq ~ C. 

We collect in the next lemma the first properties of this topology. 
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Lemma 4.1. Let G be a group. Then: 

(a) Nt^ = Z{G); 

(b) To is Hausdorff if and only if Z(G) = {ec}; 

(c) G IS abelian if and only if To ~ ig; 

(d) in case G is finitely generated, Tq is almost trivial; in particular To = Sc if and only if Z(G) is 
trivial. 

4.1 Permanence properties of the class T 

The following results show that the Taimanov topology has nice properties. The next proposition proves 
that it is a functorial topology with respect to continuous surjective homomorphisms. 

Proposition 4.2. Let G be a group. Then every surjective homomorphism f : {G,Tg) — > {H,Th) is 
continuous. 

Proof. Let h £ H and consider g £ G such that /(<?) = h. Then f{cG{g)) C cnih). This proves the 
continuity of / : (G, To) {H, Th). □ 

On the other hand, the next example shows that the Taimanov topology is not functorial with 
respect to open surjective homomorphisms. 

Example 4.3. For 

/I Z Z 
Hz := 1 Z 
\0 1 

the group of upper unitriangular 3x3 matrices over Z, the canonical projection vr : (HzjTe^) — >■ 
(Hz/Z(EIz),rHj,/z(Hz)) is not open. 

Indeed, since HIz/^(]HIz) =: G is abelian, Tq = lg by Lemma [4. If c). Moreover note that G = Z x Z. 
/I 0\ /I 1\ 

Let /i = 1 1 G Hz. Then chj,(/i) = 1 Z and Tv{cMz{h)) ^ {0} x Z, which is not open 

\0 1/ \0 1/ 

in {G,lg). 

Lemma 4.4. Let G = U^^j G^. ThenH^^^TG^ < Tg. If L = {1, ... ,n} is finite, then Tg^x .. .xTg„ = 
Tg. 

Proof. Since all the canonical projections ni : {G,Tg) — >■ {Gi,TGi) are continuous by Proposition 14.21 

Suppose now that I = {1, . . . , n} is finite. If F is a finite subset of Gi x . . . x Gn, then it is contained 
in a finite subset of the form Fi x ... x Fn, where each Fi is a finite subset of Gi for i = 1, . . . ,n. 
Moreover cg{Fi x . . . x F„) = cgi (Fi) x . . . x cg„ (F„). This proves that Tg = Tgi x . . . x Tg„ ■ □ 

Proposition 4.5. (a) IfGel, then Z{G) = {ea}. 
(b) IfGdlt, then G is perfect. 

Proof, (a) Follows from Lemma k.lf b). 

(b) Since G/G' is abelian and in T, G/G' is trivial in view of Lemma l4.1f c). that is G = G'. □ 

It follows from (a) that every non-trivial abelian group G ^ X. 
The next result about products is a consequence of Lemma 14.41 
Proposition 4.6. The class T is closed under taking finite products. 

Proof Let Gi,G2 G T and G := Gi x G2. By Lemma [441 Tg = Tgi x Tg^ and so Tg = Sg, that is 
G G 'X. This can be extended to all finite products. □ 

The next example in particular shows that T is not closed under taking quotients and subgroups 
since the groups in (b) and (c) have abelian quotients (so they are not in 'Xt) and non-trivial abelian 
subgroups. 
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Example 4.7. (a) A finite group G G T if and only if Z{G) — {ec}- This follows from Lemma l4.ll 
but can be also simply directly proved. 

(b) LetG=(^** . Then G G T. Indeed, for F = I (^^ °^ , (^J }) } cg(F) = {ec}. 

(c) Every non-abelian free group F{X) of rank > 1 is in T. Indeed, for F — {a,b}, where a,b £ X 
are generators of F{X), Cp(x){F) = {&f{x)}- 

This example shows also that the condition "surjective" in Proposition 14.21 cannot be removed: if G 
is one of the groups in (b) or (c), then G has some non-trivial abelian subgroup H . Since H is abelian, 
Th ~ I.H, while To ~ Sq- Consequently the injective homomorphism [H,Th) — >■ {G,Tg) is far from 
being continuous. 

Remark 4.8. Since non-abelian free groups of rank > 1 are Taimanov (as shown in Example |4?7tc)), 

• there exist arbitrarily large Taimanov groups; moreover, every non-abelian subgroup of a non- 
abelian free group is Taimanov, being free |23j : 

• every group is quotient of a Taimanov group, since every group is quotient of a non-abelian free 
group of rank > 1 [23] . 

It is not clear if this holds also for subgroups: 

Question 4.9. Is every group subgroup of a Taimanov group? 

Theorem 14.111 answers positively the question in the abelian case. 

For an abelian group G and p G P in what follows we denote by rp{G) the p-rank of G. 

Lemma 4.10. Let G be an abelian group with r2{G) — 0. Then there exists G T such that G < H 
and [H ■.G]= 2. 

Proof. Let / : G — >■ G be defined by f{x) — —x for every x £ G. Moreover let 

H~G^ if) 

(xi denotes the semidirect product). Then ch(0, /) — ((0,/)) and (0,/) ^ cnig^idc) for every g G 
G\ {0}. Consequently for F = {{g,idG), (0,/)}, with g G G\{0}, ch{F) = {en}, that is H el. Since 
/ has order 2, G has index 2 in G. □ 

Theorem 4.11. For every abelian group G there exists a group H £ Z containing G as a subgroup and 
such that \H\ — uj ■ \G\. 

Proof. Let G be an abelian group. Then G C D{G) = Gi ffi G2, where r2(Gi) — and r2(G2) = 
r2(-D(G)). Then there exists Hi € 1 such that Gi < Hi and = 2 ■ lGi| by Lemma l4T0l 

Now consider G2 = ©^^{g) ^(2°°). If r-2(G) < uj, then G2 is contained in ©^ Z(2°°). Let then a be 
the shift ©^ Z(2°°) ^ ©Jz(2°°) defined by {xn)n ^ (a;„_i)„ for every (x„)„ G ©„ Z(2°=). Then a" 
has no non-zero fixed point for every n G Z, n 7^ 0. 

Claim. Let G be an abelian group and let / be an automorphism of G such that f" has no non-zero 
fixed point for every n G Z, n 7^ 0. Then there exists H £ 1 such that G < H and \H\ = cj ■ \G\. 

Proof of the claim. Let 

H~G>^{f). 

Then ch{0, f) = ((0,/)) and (0,/) CH(g,idG) for every g £ G \ {0}. Consequently for F = 
{(<;, idc), (0, /)}, with g £ G \ {0}, ch{F) — {en}, that is G T. Since / has infinite order 
\H\=uj-\G\. □ 

By the claim there exists a group H2 G T such that G2 < ©„ Z(2°°) < H2 and \H2 \ = ijJ. Suppose 
that r2(G) > ^. Then G2 - ©.,(0 (©„ 2(2°=)). Let a : 0^^^^^^ (©^ 2(2°°)) -> ©^^^^^(0^ Z(2°°)) 
be defined by a \q z(2°°)~ Then cr" has no non-zero fixed point for every n G Z, n 7^ 0, and again 
the claim gives a group H2 G T that contains G2 as a subgroup and such that \H2\ = IG2I. 

Let H := Hi® H2. By Proposition H G 1. Moreover \H\ = uj ■ \Hi\ ■ \H2\ = uj ■ \Gi\ ■ IG2I = 
ui-\G\. □ 

Lemma 14.131 shows that to prove that a group is Taimanov it suffices to consider a convenient 
quotient with a finite normal subgroup and check whether it is Taimanov. 
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Claim 4.12. Let G be a group with Z{G) = {ea}- If there exists a fimte subset F of G such that ca{F) 
is finite, then there exists another finite subset Fi ^ F of G such that cg(Fi) — {ec}- In particular 

Gel. 

Proof. Let cg{F) = {ecgi, . . . ,5n}- Since Z{G) = {ec}, for every i £ {1, . . . ,n} there exists hi £ G 
such that [gi, hi] 7^ ec; in particular gi ca{hi). Let _Fi = F U {h\, . . . , /i„}. Then gi cg(-Fi) for 
every i £ {1, . . . ,n}. Since cg(-Fi) C cg{F) = {ec, gi, . . . ,gn}, this proves that cg(_F\) = {ec}- □ 

Lemma 4.13. Let G be a group with Z{G) — {ec} and let N be a normal finite subgroup of G such 
thatG/Nel. Then Gel. 

Proof. Let Fi be a finite subset of G/N such that cg/n{Fi) = {ec/jv}. Let tt : G — >■ G/N be the 
canonical projection and let F be a finite subset of G such that n{F) = Fi. Since n{cG{F)) C 
cg/n{Fi) = {ec/iv}, cg{F) C A^. Since is finite, Claim ITT^ applies to conclude that Gel. □ 

The next is an example of a totally Taimanov group. 

Example 4.14. We denote by G := 5*03(8) the group of all orthogonal matrices 3x3 with determinant 
1 and coefficients in R. Then Gel. Since G is simple, G G It. 

Indeed, G = ^^^i where = T and Ta is generated by an element a of G, that is, (a) — Ta. 
Moreover ccia) contains Ta as a finite index subgroup and for a,l3 e G with a 7^ /3 and Ta ^ Tp, 
Ta n is finite. Then CG(a) n cg(/3) is finite. By Claim l4T2l G £ T. 

4.2 The permutations groups 

For a set X, x e X and a subgroup H of S{X) let 

OH(a;) := : h e H}, 

Stab a; :— {p e S{X) : p{x) = x}, and 

Sx ~ Stab a:: n H. 

Moreover H induces a partition of X, that is X = Ui^gis^ Oh{x), where Rh C X is a set of representing 
elements. 

If r G S{X), then 

Stab a; = (Stab r(a;))^. 
Remark 4.15. Let X be a set and H a subgroup of S{X). If r G Ns(x){H), then: 

(a) r{OH{x)) = Oh{t{x)); 

(b) S,: = (S,(,))"; indeed, = Staba;n_ff = (Stab r(a:))" n 7?" = (Stab r (a;) n 7?)" = (S'^m)"; 

(c) r induces a permutation r of Rh. Indeed, t{Oh{x)) = Oh{t{x)) by (a); so we can define t{x) — y, 
where y G Rh is the representing element of Oh{t{x)). Then 

Csix){H)=lre fl iV„(&)-Staba;:[//,r]C fj sA . 

I xeJS/f \supp T a;esuppT J 

We describe the subgroups of S{X) with trivial centralizer: 

Lemma 4.16. Let X be a set and H a subgroup of S{X). Then cs{x){H) = {idx} if and only if the 
following conditions hold: 

(a) Sx = Nh{Sx) for every x G Rh , and 

(b) Sx and Sy are not conjugated in H for every x,y e Rh with x^y. 

Proof. Let r G Cs(x){H) \ {idx}. There exists x G Rh such that y := t(x) 7^ x. Indeed, if t{x) — x 
for every x G -Rh, then for every z e X, there exist h e H and x G Rh such that z — h{x), and so 
r(z) = T{h{x)) = h{T{x)) = h{x) = z. By Remark I4T5T a. b) 

t{Oh{x)) = Oh{t{x)) and Sx = [SyY = Sy. 

It y e Oh{x), then r \oh(x)'- Oh{x) — > 0£f(a;) is a bijection and y = ho{x) for some /io G //; then 
T{h{x)) — h{T{x)) — hho{x) for every h e H. Let h e Sx. Since r is well-defined, /i(a;) = x implies 
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hho{x) — ho{x), that is {ho)~^ hho{x) — x. This is equivalent to h'^° £ Sx, that is ho G Nh{Sx)- But 
ho Sx and this contradicts (a). 

Suppose now that y ^ Oh{x) and so Oh(x) n Oniy) = 0- Let z e _Rh n Oniy)- Then y = ho(z) for 
some ho G H. By Remark [S^b) S'^ = {Sy)''° = {Sx)''° and this contradicts (b). 

Assume that there exists ho £ Nh{Sx) \ Sx for some x £ Rh- Let t : X ^ X he defined by 
t[x) = ho{x), T{h{x)) — hho{x) for every h £ H and r(y) = y for every y £ X \ Oh{x). This r is well- 
defined. Indeed, if h\{x) = h2{x) for some /ii,/i2 £ H, that is, /i^^/ii G Sx; then hiho{x) — h2ho{x), 
equivalently Hq^ {h2^ hi)ho{x) = x, that is, /i^^ (/i^^/ii)/io G Sx, which holds true by the hypothesis 
that ho £ Nh{Sx)- Moreover, it is possible to check that r G S(X). By the definition rh — hr for every 
h £ H and so idx / t G cs{x)iH). 

Suppose that Sx = (S'^)'"' for some x,z £ Rh and ho £ H. Then for y — h,^^ {z) £ Oh{z) we have 
Sy = (S,)''° = Sx by Remark in^T b'). Define r : X ^ X as t{x) = y, T{h(x)) = h{y) for every h£ H 
and r(w) = w for every w G X \ ©//(s). Then r is well-defined; indeed, if hi{x) = h2{x) for some 
h\,h2 £ H, that is, /i^^/ii G Sx, then hi{y) = h2{y), equivalently, /i^^fti G Sy, which holds true since 
Sx ~ Sy. Moreover, it is possible to check that r G S{X). By the definition rh — hr for every h £ H 
and so idx 7^ t G Cs{x){H). □ 

Proposition 4.17. For a cardinal k the following conditions are equivalent: 

(a) there exists a set X with \X\ — k and S{X) £ 1; 

(b) there exists a set X with \X\ = it such that there exists a finitely generated subgroup H of S{X) 
such that Sx ~ Nh{Sx) for every x £ Rh and Sx, Sy are not conjugated for every x,y £ Rh with 
x^y. 

If K > Lo, then the following condition is equivalent to the previous: 

(c) there exists a finitely generated group H admitting a family & — {Sa : a < k\ of subgroups of H 
such that Sa = Nn^Sa) for every a < k. 

Proof, (a)'^(b) The condition S{X) G T is equivalent to the existence of a finite subset F of S{X) such 
that cs(x)iF) = {idx}. Let H = (F). Then 

cs(x)iH) = cs(x){F) 

and so equivalently cs(x){H) = {idx}. By Lemma [4.161 we have the conclusion. 

(b) =J>(c) Since k > uu, and each Oh{x) is countable, \Rh\ = k.. So {Sx : x £ Rh} is the family 
requested in (c). 

(c) =>(b) Since k > lj and H is countable, we can suppose that (3 has the property that Sa and Sp 
are not conjugated in H for every a, (3 < k with a 7^ /3. Indeed, every subgroup Sa of H has at most 
countably many conjugated subgroups in H, so we can restrict the family 6 taking only one element 
for every class of conjugation, finding a subfamily of the same cardinality n as G. 

Define Xa := {hSa '■ h £ H} for every a < n and X :— Uci<k Moreover let Xa :~ idnSa £ Xa 
for every a > k. In particular |X| = k. Moreover H acts on X by multiplication on the left and 
Onixa) ~ Xa for every a < k,. There exists a group homomorphism if : H ^ S{X); let H := ffiiH) < 
S{X). Then H is finitely generated and the action of H on X is the same as the action of H on X. 
Then Of^{xa) = Xa for every a < n and R^ — {xa : a < k}. Moreover ip{Sa) = StabXa f] H —: Sx^. 
Since Sa = NniSa) for every a < k and Sa and Sp are not conjugated for every a < /? < k, it is 
possible to prove that Sx^ = NniSxa) for every Xa £ Rh ^nd Sx„ and Sx^ are not conjugated for 
every Xa,xp £ Rg with Xa 7^ x^j. So the properties in (b) are satisfied. □ 

Theorem 4.18. Let X be a set with \X\ > 2. 

(a) If \X\ < uj, then S{X) £ T. 

(b) If\X\> c, then S{X) T. 

Proof (a) Assume that 2 < |X| < uj. Since Z{S{X)) is trivial, S{X) G T by Example liTT a). 

Assume that \X\ — uj. We can suppose X = Z. Let H = {a',T), where t = (—1, 1) and a is the 
shift, that is cr{n) — n + 1 for every n G Z. Then Oh{0) = Z and so Rh = {0}. Moreover So ~ (r) and 
hence NaiSo) = So. By Proposition lITfl SfX;) G T. 

(b) Let iif be a finitely generated subgroup of S{X). Since Oh(x) is countable for every x £ Rh, 
\Rh\ ~ \X\ > c. Since H is countable, it has at most : subgroups and so there exists a subset S of Rh 
such that |S| > c and Sx = Sy for every x,y £ S. By Proposition liTfl S(X) ^ T. □ 
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Question 4.19. Let X be a set. 

(a) Is S{X) e 1 tf\X\ = LJi? 

(h) Is s{X) el if\x\^c? 

(c) Is S{X) £lifuj< \X\ < c? 

Remark 4.20. Question l4. 19l can be formulated in equivalent terms thanks to Proposition l4.17l Indeed, 
if X is a set of cardinality k with uj < n < c, then S{X) € T if and only if there exists a finitely generated 
group H admitting a family & = {Sa : a < k} of subgroups of H such that Sa = Nh{Soi) for every 
a < K. 

So Question 14.191 becomes: does there exists a finitely generated group H with a "large" (i.e., of 
cardinality n with a; < k < c) family of self-normalizing subgroups? 

5 Problem A 

We start considering a stability property of the the class 21 of Arnautov groups. 
Theorem 5.1. The class 21 is closed under taking quotients. 

Proof. Let G G 21 and let A'^ be a normal subgroup of G. Let a < t he group topologies on G/N such 
that idc/N '■ {G/N,t) — > {G/N, a) is semitopological. Then idc : (G,Ti) — > {G,Gi) is semitopological 
by Lemma 12.61 Since G £ 21, = (Ti and hence r = cr. □ 

In Section [5.21 we will comment the stability of 21 under taking subgroups and products. 
Example 5.2. (a) Obviously every indiscrete group G is A-complete. 

(b) Let G be a group. Let Gab ~ G/G' be the abelianization of G and endow Gat with the discrete 
topology and with the indiscrete topology: 



If G 7^ G' then idc^t is a semitopological non-open isomorphism, because Gat is abelian, and 
ida is a semitopological non-open isomorphism too, in view of Remark 13.151 So (G, (^o' ) is not 
A-complete. 

(c) An abelian topological group G is A-complete if and only if G is indiscrete. In particular the only 
abelian Arnautov group is G = {ec} (as (G, fc) must be indiscrete). 

The next proposition generalizes the example in (b). 

Proposition 5.3. A topological group G with indiscrete derived group G' is A-complete precisely when 
G is indiscrete. 

Proof. The conclusion follows from Remark l3.15l □ 

Example 5.4. Let G be a group and r a group topology on G. 

(a) If (G, r) is SIN, then it is A-complete if and only if for every group topology cr < r on G there 
exist U G V(G,T){eG) and g € G such that [(?, Vg] g U for every Vg £ V(G',cr)(eG) (this follows from 
Proposition 12. 8p . 

(b) If (G, t) is Hausdorff and t < (^qi (as already noted after Theorem 12.71 this condition yields r 
SIN), then G is abelian and consequently r > to implies that (G, r) is not A-complete (supposing 
that G is not a singleton). 

Proposition 5.5. Let G be a group and N a normal subgroup of G. Let t be a group topology on G/N 
and Ti the initial topology of r on G. Then r is A-complete if and only if Ti is A-complete. 



(G,Cg') 



-> (GabjiOab) 





-> (GabjI'Gab) 
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Proof. Let idc/N '■ {G/N,t) — {G/N,a) be semitopological, where ct < r is another group topology 
on G. By Lemma 12.61 also idc : {G,Ti) — > {G,ai) is semitopological and the hypothesis implies that 
Ti — ai. Consequently t — a. 

Suppose that r is A-complete. Let a < be another group topology on G and consider the quotient 
topology Oq of a on G/N. So we have the following situation: 

(G,rO (G,a) 

(G/7V,r) -^^^ {G/N,aq). 

Since a < Ti, it follows that N^j > Nt- = A''. Consequently a is the initial topology of aq and so 
Oq < T, otherwise a = Ti. By hypothesis ida/f^ : {G/N,t) {G/N,aq) is not semitopological. To 
conclude that also idc : {G,Ti) — s- (G,a) is not semitopological apply Theorem 12.31 □ 

Corollary 5.6. Let G be a group and r a group topology on G. Consider the quotient G/Nt and the 
quotient topology Tq of r on G/Nr. Then r is A-complete if and only if Tq is A-complete. 

Proof. Since r is the initial topology of Tq, it suffices to apply Proposition 15.51 □ 

Now we give a necessary condition for a group to be Arnautov. 
Proposition 5.7. For a group G the following conditions are equivalent: 

(a) idc ■ (G,t) (Gjio) is semitopological for no group topology t > lg on G; 

(b) G IS perfect. 

Proof. (a)=>(b) Since idc : {G,C,g') — > {G,lg) is a semitopological isomorphism by Theorem I2.7r b'). 
our hypothesis (a) implies C,g' = tG and hence G = G' . 

(b)=>(a) Suppose G — G'; then d^c' ~ ^G- It idc : (G, r) — >■ (G, lg) is a semitopological isomorphism, 
then r < (qi = lq by Theorem 12. Tf bl. so r = tc- This means that idc is open. □ 

Therefore, if a group G is Arnautov, then for every non-indiscrete group topology r on G idc : 
{G,t) — > (G,lg) is not semitopological. In particular Proposition 15.71 implies that every Arnautov 
group is perfect. 

Corollary 5.8. Let G be a simple non-abelian group and t a group topology on G. If t > lg, then 
ida : (G, r) — > {G,lg) is not semitopological. 

A consequence of these results is that every minimal simple non-abelian group (G, r) is A-complete. 
Indeed, if cr < r is another group topology on G and idG : (G, r) — >■ (G, a) is semitopological, then by 
Lemma 13.21 either a is Hausdorff or a = lq. Since G is simple and non-abelian, G is perfect. Then 
Proposition 15. 71 implies that a is not indiscrete and so a has to be Hausdorff. The minimality of r yields 
that a = T. 

This consequence is improved by the next result. 
Proposition 5.9. If (G,t) is a minimal group and Z{G) — {ec}, then {G,t) is A-complete. 

Proof. Let u < r be a group topology on G and suppose that ida : (G, r) — s- (G, a) is semitopological. 
By Proposition 12. Ill a is Hausdorff and so cr = r by the minimality of r. □ 

Example 5.10. Every simple finite non-abelian group G is an Arnautov group. Indeed, the only group 
topologies on G are the trivial ones and ida : {G,5g) (G, lg) is not semitopological by CoroUarv 15.81 

The following remark could be used as a test to verify if a group is Arnautov. 

Remark 5.11. If G £ 21, then for every group topology r on G and for every normal subgroup A'' of 
G, 

• idG '■ (G, supjr, Civ}) — >■ (G, r) is not semitopological if supjr, ("jv} > r; 

• idG '■ (G, supjr, (^jv}) — > (G,(n) is not semitopological if supjr, (^at} > (n- 
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5.1 When the discrete topology is A-complete 

Remark 5.12. 14, Corollary 5.3] We can formulate Theorem l2.7f a'l in terms of the Taimanov topology: 

Let G be a group and a a group topology on G. Then idc : (G, So) (G, a) is semitopo- 
logical if and only ii a >Tg, that is, < Ntq = Z{G). 

Consequently the Taimanov topology is the coarsest topology cr on a group G such that idc : 
{G,5g) — !■ (G, (j) is semitopological. So, since in this section we consider the case when the discrete 
topology is A-complete, we have to impose that the Taimanov topology is discrete, that is, the group 
is Taimanov. This also motivates Definition ll.8l 

The next theorem solves a particular case of Problem A, that is, it characterizes the groups for 
which the discrete topology is A-complete. 

Theorem 5.13. Let G be a group. Then 5g is A-complete if and only if G £1. 

Proof. Suppose that So > Tq. Then idc : {G,5g) {G,Tg) is semitopological by Remark 15. 121 This 
proves that So is not A-complete. Suppose that So = Tq. Let t < 5g be a group topology on G. Then 
ida '■ {G,Sg) (G, t) is not semitopological by Remark 15. 121 This proves that So is A-complete. □ 

By Proposition I4.5f a') the equivalent conditions of this theorem imply that the group has trivial 
center. The next example shows that they can be strictly stronger than having trivial center. Moreover 
this is an example of a Taimanov group which has an infinite non-abelian subgroup that is not Taimanov. 

Example 5.14. Consider S(N) and let G := Sui(N) be the subgroup of S(N) of the permutations with 
finite support, that is Sui = UJ^i ^-n.- Then Z{G) = {ea}. If F is a finite subset of G, then there exists 
n e N+ such that F C S„ and c{S„) = S{N \ {1, . . . , n}) is infinite. Therefore To < So and so G ^ T. 

Anyway in the finite case the three conditions are equivalent, as stated by Example 14. 7f a). 

The next theorem characterizes the almost trivial topologies that are A-complete. It covers Theorem 

Em 

Theorem 5.15. Let G be a group and N <lG. Then (G, ^jv) is A-complete if and only if G/N G T. 

Proof. Suppose that C,m is A-complete. Since C,n is the initial topology oi Sq/j^, it follows that Sq/j^ is 
A-complete by Proposition 15.51 By Theorem 15.131 this is equivalent to G/N G T. 

Suppose now that G/N G T. By Theorem 15.131 this is equivalent to say that 5g/n is A-complete 
and so C,n is A-complete by CoroUarv 15.61 □ 

The next theorem offers a relevant necessary condition for a group to be Arnautov: 
Theorem 5.16. //G G 21, then G G It- 
Proof. The conclusion follows from Theorems 15. II and 15. 131 □ 

So the next question naturally arises. 
Question 5.17. Does G e It imply G G 21? 

We shall give a positive answer to this question in a particular case in Proposition 15.251 

The next examples show that a group can admit two A-complete topologies that are one strictly 
finer than the other. 

Example 5.18. Let G :— S{Z) and S := Sui{1>) > A :— Aui^Z), which are the only proper normal 
subgroups of G. 

(a) The point-wise convergence topology 7" on G is A-complete: T is minimal and Z{G) is trivial, so 
Proposition 15.91 applies. 

(b) The discrete topology Sq is A-complete by Theorems 14.181 and 15.131 

(c) We show that Z{G/A) = S/A and \S/A\ = 2. The group S/A has only one non-trivial element, 
that is, S/A = (7r(r)), where tt : G — >■ G/A is the canonical projection and r = (12) G G. Indeed, 
ii a £ S and a ^ A, then ra £ A and so n{a) G (7r(r)). Moreover t ^ A. Since S/A is a non-trivial 
normal subgroup of G/A and it has size 2, it is central; since S/A is the unique non-trivial normal 
subgroup of G/A, S/A = Z{G/A). 

(d) It follows from (c) that G ^ T by Proposition 14. 5r a\ 
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(e) By (d) (^a is not A-complete in view of Theorem 15.151 hence G ^ 2t. 

(f) Moreover it is possible to prove that G/S £ T. Consequently G/S £ It, being simple. 

This is an example of a group G which is not Arnautov but with So A-complete. Moreover, since 
the subgroup of G generated by the shift a is abelian and so not A-complete, while So is A-complete, 
this example shows also that a subgroup of an A-complete group need not be A-complete. 

Example 5.19. Consider the group G := SOs(M.). As shown by Example 14.141 G G T. Consequently 
5g is A-complete by Theorem l5.13l Moreover the usual compact topology r of G is A-complete, because 
T compact implies minimal, Z{G) is trivial and so Proposition 15.91 applies. 

A first step to find an answer to Question 15. 171 is to consider the following. 

Question 5.20. (a) Does S(Z)/S'„(Z) £21? 

(b) Does SO-iiR) e a? 

5.2 Totally Markov groups 

Our aim is to provide examples of groups in 21. 

The next results shows that for totally Markov groups the topologies are all almost trivial and so 
to verify if a continuous isomorphism of a totally Markov group is semitopological is simple, thanks to 
Corollarv [3T3l 

Proposition 5.21. A group G £ DJlt if and only if every group topology on G is almost trivial. 

Proof. Suppose that G £ DJlt and let r be a group topology on G. Then the quotient topology of r on 
G/Nr is Hausdorff and hence discrete, being G G OTt. So TVt is open in (G, r) and therefore r is almost 
trivial. 

Suppose that the group G OTt. Then there exists a normal subgroup N of G such that there exists 
a Hausdorff non-discrete group topology a on G/N. Let vr : G — >■ G/N be the canonical projection 
and T = n-\a). Therefore Nr = N (because = fllV : V G V(g/]v,<t) (eg/jv)} in G/N). Since a is 
non-discrete A'^ is not open and so r is not almost trivial. □ 

Proposition 13.101 together with Proposition 15.211 immediately implies that 9Jtt is closed under ex- 
tensions: 

Definition 5.22. For a class of abstract groups V one says that V is closed under extensions, if a group 
G belongs to V whenever N gV and G/N £ V for some normal subgroup of G. 

Moreover we have the same result for OT: 

Theorem 5.23. The classes and SDIt are closed under extensions. In particular, dR and OTt are 

closed under finite direct products. 

Proof. That 9Kt is closed under extensions is a direct consequence of Propositions 13. lOl and [S^^TI 

Suppose that the group G has a normal subgroup A'^ such that A € and G/N G We show 
that G G SOT. To this end let r be a Hausdorff group topology on G. Then r \n= Sn- Consequently: 

(i) N is closed in {G,t), and 

(ii) TT : (G, r) — >■ (G/N, Tq) is a local homeomorphism. 

By (i) [G/N, Tq) is Hausdorff and so discrete. In view of (ii) r = Sq- □ 

In view of Theorem 15.131 a necessary condition for A-completeness of 5g for a group G is Z{G) = 
{ec}. For Markov groups also the converse implication holds: 

Corollary 5.24. Let G G OT. Then G el if and only if Z{G) = {ec}. 

Proof. If G G T, apply Theorem [5T3l 

Suppose Z{G) = {eg}. Then To is Hausdorff by Lemma|4Tjb) and so To ~ Sq. □ 

In the following proposition we characterize totally Markov groups which are A-complete or Ar- 
nautov. In particular it shows that for a totally Markov group it is equivalent to be Arnautov and to 
be totally Taimanov, which is precisely the answer to Question 15.171 in the particular case of totally 
Markov groups. 
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Proposition 5.25. Let G eMt- 

(a) If T is a group topology on G, the following conditions are equivalent: 

(i) {G,t) ts a -complete; 

(ii) G/Nr G 1; 

(m) for every N <G, if [G, N] < Nr < N, then N = N-r. 
(h) The following conditions are equivalent: 

(i) G € a; 
(it) G elt; 

(ill) Z{G/N) = {cg/n} for every N < G; 
(iv) [G, N]= N for every N <G. 

Proof, (a) The equivalence (i)<^(ii) follows from Lemma 15.211 and Theorem 15.151 The equivalence 
(i)-4=>(iii) follows from Lemma 15.211 and CoroUarv 13.131 

(b) The equivalence (i)<=>(ii) follows from (a) and the equivalence (ii)<=>(iii) follows from Corollary 

(iii) =>(iv) Let A'' be a normal subgroup of G. Then [G, N] is a normal subgroup of G and Z{G/[G, N]) 
is trivial by hypothesis. Since N/[G, N] < Z{G/[G, N]) also N/[G, N] is trivial, that is iV = [G, N]. 

(iv) =>(i) By Lemma [5.211 everv group topology on G is almost trivial. So let L be a normal subgroup 
of G. For every normal subgroup N oi G such that [G, N] < L < N, N = L because [G, A''] = A'' by 
hypothesis. This proves that (^l is A-complete by (a). Consequently G £ 21. □ 

This proposition covers Example 15. 101 

Corollary 5.26. (a) A finite group G £'01 if and only if G alt- 

(h) For every G £ 9Jl simple, G £ 21. 

In Example 15. 181 we have seen that S'(Z) 21, but S{Z)/ SuiCZ) £ Tt. In relation to Question 15. 201 we 
consider the following, which has also its own interest. In Example l4.14l we have seen that 5*03(8) £ It, 
but clearly SOaiR) OT. 

Question 5.27. Does S(Z)/5„(Z) £ OT? 

A positive answer to this question would imply that 5'(Z)/S'[^(Z) £ 21, that is a positive answer to 
Question KM in view of CoroUarv I5.26r b). since S{Z)/ SaiCL) is simple. From another point of view, 
in order to answer Question 15.271 it is possible to consider first Question 15. 201 which involves a weaker 
condition. 

Example 5.28. Let V = (F^™)", where m,n £ N+, p £ P and {n,p"' - 1) = 1. Define G to be the 
semidirect product of SL{V) and V. Then [G, V] — V. Moreover every normal subgroup of G contains 
V and so, since SL{V) is simple, V is the unique non trivial normal subgroup of G. Then G £ 21 by 
CoroUarv [SlMl aV 

Example 5.29. (a) Corollary I5.26f b) provides an example of an infinite Arnautov group. Indeed 
Shelah [24] constructed a simple Markov (hence totally Markov) group M under CH. 

(b) The group M contains a subgroup isomorphic to Z, which is abelian and so not in 21. 

(c) In general a totally Markov group need not be an Arnautov group, that is, 9Jlt 2 21; for example 
G := M X Z(2) £ Mt but G ^ 21. 

Item (b) of this example shows that 21 is not stable under taking subgroups. 

Question 5.30. Is 21 stable under taking (finite) direct products? And under taking (finite) powers? 

In the next example we give examples of Arnautov groups which are not simple. Moreover we see a 
particular case (that of Markov simple groups) in which finite powers of Arnautov groups are Arnautov. 

Example 5.31. Let M £ 93T be simple; by CoroUarv KM h) M £ 21. We show that M" £ Mt and 
also M" £ 21, for every n £ N+. 

Since M £ is simple, M € Mt- By Theorem EH M" £ Mt for every n £ N+. So M" £ 21 by 
Proposition l5.25T bl: for every normal subgroup N of M", N = M*^ for some < n up to topological 
isomorphisms, and consequently [M",N] = [M",M*] = M*" = N . 

The next are corollaries of Propositions 13.10) and [5^211 
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Corollary 5.32. Let G be a group and Ni < N2 be normal subgroups of G with N2/N1 G DJlt- Then 
every group topology r on G with (^1^2 ^ t ^ Cni is almost trivial. In particular, 

(a) if N2 G DJit, then every group topology t on G with t > ("jva is almost trivial; and 

(b) ifG/Ni£ 2Jlt, then every group topology t on G with r < (^Ni is almost trivial. 

Proof, (a) Since N2 G Wt, by Proposition 15.211 r is almost trivial. Moreover r, > {CN2)q ~ Sg/N2 
on G/N2, and so — 5g/n2 ^^'^ i^i particular it is almost trivial. By Proposition 13.101 r is almost 
trivial. 

Obviously, A^i < TVr < Therefore, the quotient topology Tq of (G, r) with respect to A''i satisfies 
Sg/Ni > Tq > Cn2/Ni- To the normal subgroup N2/N1 G 9Jlt of the group G/Ni and Tq > CiVa/iVi we 
apply (a) to claim that Tq is almost trivial. Since Tq was obtained from r via a quotient with respect 
to the r-indiscrete normal subgroup A'^i, by Lemma [3.81 r is almost trivial. 

(b) Follows from the previous part. □ 

Corollary 5.33. Let G be a group and Ni < N2 be normal subgroups of G with [N2 : A'^i] finite. Then 
G admits only finitely many group topologies t with ^ t < (n^ and they are all almost trivial. 

Proof. Apply Corollary 15.321 to conclude that every group topology r on G such that (n2 < t < Cjvi is 
almost trivial. Moreover these r are finitely many because : A'^i] is finite. □ 

Remark 5.34. A group G is hereditarily non-topologizable in case every subgroup of G is totally 
Markov W. Thus 

hereditarily non-topologizable totally Markov Markov. 

Consequently every group topology on a hereditarily non-topologizable group is almost trivial. 

If a hereditarily non-topologizable group G is Arnautov, then every quotient of G is Arnautov. 

While infinite Arnautov groups exist (see Example I5.29f all. it is not known if there exists any 
infinite non-topologizable group. The existence of such a group would solve an open problem from (10) . 

6 Problem B 

We start by underlying an important aspect of A)c-completeness compared to /C-minimality, where 
/C is a class of topological groups. Indeed, let us recall first that Ag-completeness coincides with A- 
completeness and implies A)c-completeness (see Remark [TTTO}. The /C-minimal groups are precisely the 
indiscrete groups, whenever K. contains all indiscrete groups. This fails to be true for A^-completeness. 
In fact, the group G = 5'(Z), equipped with either the discrete or the pointwise convergence topology, 
is A-complete (so A^-complete, for every /C C ^) as shown by Example I5.18f a.b). More generally for 
every non-trivial G G T, the (obviously) non-indiscrete group {G,Sg) is A-complete (so AK-complete, 
for every K.'^Q) by Theorem 15.131 

As we have seen in Section[5] A-complete (i.e., Ag-complete) groups are not easy to come by. In order 
to have a richer choice of groups, we consider A)c-complete groups for appropriate subclasses K, of Q. 
In case the subclass K. is completely determined by an algebraic property (i.e., for every group topology 
T on G, (G, r) G if and only if {G,5g) G AI), then obviously a topological group {G,t) £ IC is A^:- 
complete if and only if it is A-complete. A typical example to this effect is the class of all topological 
abelian groups, or more generally the class of all topological groups such that the underlying group 
belongs to a fixed variety V (in the sense of [20]) of abstract groups. We formulate an open question 
for a specific V in Question 16.131 

In the sequel we consider subclasses C (J of a different form, most often /C C "H. 

Since 'H-minimality coincides with minimality, A^-completeness is a generalization of minimality. 
It is a strict generalization in view of (a) of the next example. 

Example 6.1. (a) The group (S{'Z),Ss{z)) is A-complete, as shown by Example 15. ISf b) . and conse- 
quently A-H-complete, but it is not minimal: Ss(z) and the point-wise convergence topology T are 
both Hausdorff. 
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(b) Let G G T be non-torsion. Then {G,Sg) is A-complete by Theorem 15.131 and in particular it is 
A^-complete. On the other hand, by our hypothesis there exists a; G G of infinite order, that is 
(x) is abelian and so not A-w-complete. This shows that in general a subgroup of an A-H-complete 
group need not be AT^i-complete. (This is noted after Example 15.181 for the particular case of 
(5(Z),5s(z)).) 

Anyway AT^^-completeness coincides with minimality in the abelian case: 

Proposition 6.2. If G is an abelian group and (G, r) G T-L, then {G,t) is An-complete if and only if 
it is minimal. 

This proposition gives a partial answer to Problem B for the subclass of H of abelian topological 
groups. The problem remains open for the larger class H: 

Question 6.3. When is a topological group (G, r) G Ti. An-complete? And in which cases is (G, fc) 
A-H- complete? 

The next example, that extends Example 1 5 . 1 8 f a) . motivates Lemma 16.51 

Example 6.4. For an infinite topologically simple (i.e., there exists no non-trivial closed normal sub- 
group) Hausdorff non-abelian group (G, r), minimal implies A-complete. In fact Z{G) — {ea} and 
Proposition 15.91 applies. 

The next lemma and corollary provide partial answers to Question 16.31 Lemma 16.51 in particular 
covers the previous example, since it implies that every minimal group with trivial center is A-complete 
(in view of the fact that minimal implies A-H-minimal). 

Lemma 6.5. Let G be a group with Z(G) — {ea} and let t be a Hausdorff group topology on G. Then 
(G, r) is A-H-complete if and only if (G, r) is A-complete. 

Proof. If (G, r) is A-complete, then it is A^^-complete. 

Suppose that (G, r) is A-w-complete. Let a < r be a group topology on G such that idc ■ (G, r) — > 
(G, cr) is semitopological. By Proposition 12. Ill a is Hausdorff. Then cr = t. This proves that {G,t) is 
A-complete. □ 



This lemma implies Proposition 15.91 since minimal groups are A^^-complete. 
Corollary 6.6. Let G be a group. Then Z{G) = {ea} and So is Au-complete if and only if G £%. 

Proof. If Z{G) — {ea} and Sq is A^-complete, then Sq is A-complete by Lemma 16.51 and so G G T by 
Theorem 15.131 

Assume that G G T. By Theorem 15.131 is A-complete and so A-H-complete. Moreover Z{G) = 
{ea} by Proposition 14 . 5 f a) . □ 

Lemma 16.51 suggests the following question: is Z{G) — {ea} a necessary condition for the validity 
of the implication {G,t) A-^-complete (G, r) A-complete? According to CoroUarv 16.61 the answer is 
"yes" in case r is the discrete topology. 

Proposition 6.7. Let {G,t) be a SIN Hausdorff group. If {G,t) is A-complete, then Z(G) = [ea]- 

Proof. Suppose that Z{G) 7^ {ec}- We want to see that {G,t) fails to be A-complete. Consider the 
topology r := r A Cz(G)i which has as a local base at ea the family Bt ~ {U ■ Z{G) : U G V(G,T)(eG)}. 
Since t is Hausdorff and T is not Hausdorff (because Z{G) 7^ {ec}), t > T. So it remains to prove 
that ida : (G, r) — >■ (G, T) is semitopological. Since (G, r) is SIN, it suffices to prove that for every 
U G V(G^T-){eG) and for a fixed g £ G there exists Vg G Bt such that [<?, Vg] C U and then apply 
Proposition 12.81 So let U G V(^g.t){&g) and g £ G. Since {G,t) is SIN, there exists U' G V(G',T)(eG) 
such that U'U' C U and gU'g-^ C U' . Let Vg ^ U' ■ Z{G) G Bt. Then [g,Vg] = [g,U'] C U'U' C U. 
Since we have proved that idc : (G, r) — > (G, T) is semitopological and t > T, then (G, r) fails to be 
A-complete. □ 



Remark 6.8. As a consequence of Lemma 16. 5 1 and Proposition 16.71 we have the following equivalence 
between A-completeness and the purely algebraic property of having trivial center. Indeed, if (G, t) £H 
is A-H-complete, then Z{G) = {e^r} implies {G,t) A-complete by Lemma 16.51 Moreover, if {G,t) is 
SIN, in view of Proposition 16.71 also the converse implication holds, that is, (G, r) is A-complete if and 
only iiZ{G) = {ea}. 

Corollary 6.9. Let {G,t) be a Hausdorff group with Z{G) 7^ {ec}- 
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(a) If (G, r) is SIN and A-u-complete, then it is not A-complete. 

(h) If {G,t) is SIN and minimal, then it is not A-complete. 

(c) If {G,r) is compact, then it is not A-complete. 

This corollary produces in particular examples of AT^-complete groups which are not A-complete 
(e.g, compact groups with non-trivial center), showing that the implication (G, r) A^-complete 
(G, r) A-complete may fail to be true, also for non-discrete groups. In particular in Example 16.121 shows 
a group, with non-trivial center, which does not admit any compact topology, but admits minimal linear 
(so SIN) topologies, that are not A-complete by CoroUarv 16.91 

Proposition 6.10. Let G be a group such that G £ T and let F be a finite group. Then Sqxf is 
A-u-complete. 

Proof. Let r be a HausdorfF group topology on G x F and suppose that idoxF '■ (G x F,Sgxf) — >■ 
(G X F, t) is semitopological. By Remark [5.12l r > Tgxf- But Tax f = Tc >^Tf — 5g ^^Tf hy Lemma 
14.41 So r > 5g X Tf- Since r is Hausdorff, r = Sgxf, and this proves that Sqxf is A^-complete. □ 

Using this proposition we can give examples of A^-complete groups which are not A-complete, as 
the following. Another example of an A-H-complete group which is not A-complete is in Example 16. 121 

Example 6.11. Let G = S{Z) x Z(2). By Theorem liAST a') S{1) G T. Then (G,<5g) is Aw-complete by 
Proposition I6.1U1 Since Z{G) — {idz} x Z(2) is not trivial, G T by Proposition I4.5f a). Consequently 
G is not A-complete by Theorem 15.131 

Example 6.12. Let p £ P and let G be the group Hz (see Example 14.31) equipped with the product 
topology T — P{Tp, Tp, Tp) where Tp is the p-adic topology of Z. A base of T is given by the family of 

/I p"Z\ 

the (normal) subgroups formed by the matrices of the form I 1 p"Z . Clearly G is SIN. Then 

VO 1 / 

(G, r) is minimal [51 [7], so A^-complete. Moreover (G, T) is A-complete by CoroUarv 16.91 

Considering SIN groups in Example 15.41 Proposition 16.71 and Corollary 16.91 we have weakened the 
commutativity from a topological point of view. A different way to weaken commutativity, but alge- 
braically, is to consider nilpotent topological groups: 

Question 6.13. //(G, r) is a nilpotent topological group, when is {G,t) A-complete? 

The following example is dedicated to a very particular case of this question. 
Example 6.14. Consider the class 

A^S ■= {(Hm, P{t, t, r)) : r is a ring topology on R}, 
where P{t, t, t) denotes the product topology on G. Then every G £ /Cr is A^o-complete. 
Indeed, let r > a be ring topologies on R such that 

(Hm, P(r, r, r)), (Hr, P{a, a, a)) £ 

Suppose that idu : (Hm, P(r, r, r)) — >■ (Mr, P(a, a, a)) is semitopological. By Theorem 11.21 for every 
/I U U\ /II 0\ /I V V\ 

f/' = 1 U\ e V(H3i,p(r,r.r))(eHK) and /i = 1 there exists Vh = 1 £ 
\0 1 / \0 1/ \0 1 / 

V(Hii,p(CT,<T,(T))(eHK) such that [h, Vh] C U' . In particular this implies V C. U and hence cr > t, that is 

a — T. 

In a forthcoming paper [5] we extend this result to the more general case of generalized Heisenberg 
groups on an arbitrary unitary ring A. 
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7 Problem C 



Problem C is about compositions of semitopological isomorphisms. In order to measure more precisely 
the level of being semitopological, we introduce the next notion. 

Definition 7.1. Let G be a group, a < r group topologies on G and n £ N+. Then idc : (G, r) — s- (G, a) 
is n-step semitopological if there exist n — 1 group topologies a < A„_i < . . . < Ai < r on G such that 
ida : (G, r) — (G, Ai), idc : (G, Ai) — !> (G, A2), . . . , idc : (G, A„_i) — > (G, cr) are semitopological. 

Obviously idc : (G, t) — >■ (G, cr) is 1-step semitopological if and only if it is semitopological. More- 
over a continuous isomorphism of topological groups is composition of semitopological isomorphisms if 
and only if it is n-step semitopological for some n £ N+ . 

Let G be a non-trivial group. The lower central series of G is defined by 71(G) = G and 7n(G) = 
[G, 7n_i(G)] for every n £ N, n > 2. The upper central series of G is defined by Zo{G) = {ea}, 
Zi{G) = Z{G) and Z„(G) is such that Z„(G)/Z„_i(G) = Z{G/Z„-i[G)) for every n G N, n > 2. A 
group G is nilpotent if and only if 7n(G) = {ec} for some n £ N+, if and only if Zm(G) — G for some 
m £ N+. The minimum n G N+ such that 7„+i(G) = {ea}, that is, the minimum n G N+ such that 
Zn (G) — G, is the class of nilpotency of G. 

Our main theorem about n-step semitopological isomorphisms is the following. It is an answer to 
Problem C(a) in the particular case when the topologies on the domain and on the codomain are the 
discrete and the indiscrete one respectively. 

Theorem 7.2. Let G be a group and n G N+. Then idc : (G, fc) — >• {G,lg) is n-step semitopological 
if and only if G is nilpotent of class < n. 

Proof. If idc ; {G,Sg) {G,lg) is n-step semitopological, then there exist n — 1 group topologies 
A,i-i < . . . < Ai on G such that 

ida : (G, 5g) ^ (G, Ai), idc : (G, Ai) ^ (G, A2), . . . 

...,idG : (G, A„_2) -> (G, A„_i), idc : (G, A„_i) (G, tc) 

are semitopological. By Theorem 12. Tr b) G' C V for every V G V(g,a„_i) (ec)- Since ido : (G, A„-2) — ^ 
(G, An-i) is semitopological. Theorem 11.21 implies that for every U G V(g^a„_2) (eg) and for every 
g £ G there exists Vg G V(g,a„_i) (ec) such that [5, Vg] C U. Consequently [(?,G'] C U for every 
U G V(g,x„_2){^g)- Hence 73(G) = [G, G'] C U for every U G V(g,a„_2) (^c)- Proceeding by induction 
we have that 7n(G) C U for every U G V(G,Ai)(eG)- By Theorem \2.7( a,) CG{g) is Ai-open for every 
g £ G. Thus 7n(G) C Z(G) and this implies that G is nilpotent of class < n (7„+i(G) = {ec})- 

Conversely, if G is nilpotent of class < n, consider on G the group topologies Cz(G) 1 Cz2(G) 1 • ■ • 1 Cz„_i(G)- 
Then idc : (G, fc) — > (G, Cz(G)) is semitopological by Theorem l2.7r al and idc : (G, Cz„_i(G)) — ^ (G, tc) 
is semitopological because G' < Z„-i{G) since G/Z„-i{G) is abelian and applying Theorem I2.7f b'). 
For every z = 1, . . . , n — 1, by CoroUarv 13.131 idG : (G, Czi(G)) ~> (G, Czi_,_i(G)) is semitopological if and 
only if [G, Zi+i{G)] < Zi{G) and this holds true since Zi+i{G)/Z,{G) = Z{G/Zi{G)). □ 

As a particular case of n = 2 in this theorem, we find 2, Example 12], which witnesses that the 
composition of semitopological isomorphism is not semitopological in general. Indeed idc : {G,5g) — > 
(G, lg) is not semitopological, whenever G is not abelian. 

For n G N+ , let 

n-S ■— {fn o . . . o fi : fi £ S}. 

Observe that 

5 = 1-5 C 2-.S C . . . C n-5 C (n + 1)-<S C . . . , 

where all inclusions are proper by the previous theorem. 

Define also oo-iS := UJ^i and observe that it is closed under compositions. Moreover oo-S is 
closed also under taking subgroups, quotients and finite products, in the following sense: 

Lemma 7.3. Let n £ N+, let G be a group and t > a group topologies on G such that idG '■ (G,t) — >■ 
(G, cr) is n-step semitopological. 

(a) If A is a subgroup of G then ida \a= idA : A ^ A is n-step semitopological. 

(b) If A is a normal subgroup of G then idQ/A ■ {G/A,Tq) — s- {G/A,aq) is n-step semitopological. 
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Proof, (a) By hypothesis there exist n — 1 group topologies a < A„_i < . . . < Ai < r on G such that 

ida : (G, r) ^ (G, Ai), idc : (G, Ai) ^ (G, A2), . . . , ida : (G, A„_i) ^ (G, a) 
are semitopological. Theorem 12. Sf al implies that 

idA ■■ {A, T \a) {A, Ai \A),idA ■■ (A, Ai Ta) -> (v4, A2 U), • • • 

...,idA: {A, A„_i r^) ^ cr r^) 

are semitopological and so idA '■ {A,t \a) — > {A, a \a) is n-step semitopological. 

(b) Follows from Theorem E^^b). □ 

The following lemma shows that for each n £ N+ the class n-S is closed under taking products. In 
particular it implies that 00-S is closed under taking finite products. 

Lemma T.4. Let n £ N+, let {d : i £ 1} be a family of groups and {ri : i £ I}, {ai : i £ 1} two 
families of group topologies such that Oi < Ti are group topologies on d and idoi ■ {Gi,Ti) — >■ {Gi,ai) 
IS n-step semitopological for every i £ I. Then Yli^i^'^Gi '■ Y[iei{^ij'''i) ~^ Ilig/C^'i ^'^ n-step 
semitopological. 

Proof. It follows from Theorem 12.41 □ 

The following example shows that oo-S is not closed under taking infinite direct products and answers 
negatively (b) of Problem C. In fact we construct a continuous isomorphism which is not composition 
of semitopological isomorphisms. 

Example 7.5. For every n £ N+ let Gn be a nilpotent group of class n. Then idc^ : Yl'^^ii'^n, Sg„) 

n5^i(G'n '■Gn) is n-step semitopological for no n € N+. Indeed ido^^^ : {G„+i,5g„^i ) — 5> (G„+i, tG„+i) 
is not n-step semitopological whenever n £ N+, in view of Theorem 17.21 because G„+i is not nilpotent 
of class < n. 

The next example is another particular case in which we answer Problem C(a). 

Example 7.6. Let n £ N+, let G be a totally Markov group and r, cr group topologies on G. Every 
group topology on G is almost trivial by Proposition 15.211 Then ida '■ (G, t) — >■ (G, a) is n-step 
semitopological if and only if [G, [G, [...[G, iV,,]]]] < iVr. 

n 

In fact, suppose that idc : (G,t) (G,o-) is n-step semitopological. Then there exist group 
topologies a < A„_i, <...,< Ai < r on G such that 

idc : (G, r) ^ (G, Ai), ida : (G, Ai) ^ (G, A2), . . . 

...,idG. (G, A„_i) (G,a) 
are semitopological. By CoroUarv 13.131 

[G, A^.] C iV;,^ , [G, Nx,]CNx^,..., [G, Nx„_,] C 

and hence [G, [G, [...[G, N^]]]] < Nr. 

n 

Assume that [G, [G, [...[G, N^]]]] < N^. Let 



Nx, = [G,N^],Nx, = [G,Nx,],...,Nx„_, = [G,7Va„_J. 

By CoroUarv 13.131 and our assumption idc : (G, r) — >■ {G,\]_),idG : (G, Ai) — > (G, A2), . . . , irfc : 
(G,A„_i) — > {G,a) are semitopological. 
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